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This article describes a new operation with different kind of vectors called recursive vectors
that look interesting by the simplicity and it is easy to be expanded to N dimensions and works
like a scalar complex number, that It could be useful for machine learning. It is implemented
as built-in operation in Math-c version 1.2.0.

Introduction

The basic operation is just expanding the operation of 2 complex numbers to N dimensions
of power of 2. It splits a N dimension vector in “real” part and “imaginary” part, and those
parts then split it in “real” and “imaginary” parts and so on, until you reach a scalar part.

For instance, It can be represented as:
[13456746] to [[1+31 4+51][6+71 4+61]]

Implementation of this operations Math-c/Octave/Matlab are in Appendix.
Note that all the operations with recursive vectors(“revectors” for short) are commutative
and associative.

Sum and subtraction
There no special operation, each element is added or subtracted as any vector.

Multiplication

The same way the multiplication of complex scalars, also is done in a recursive way.
(a@a+bi)-(c+di)=(a-c—b-d)+(b-c+a-d)i

Re() = “Real” part
Im() = “Imaginary” part

The multiplication of Vand U:
V =[Re(V) Im(V)]
U=[Re(U) Im(U)]
VAU = [(Re(V) - Re(U) — Im(V) - Im(U)) (Im(V)-Re(U) + Re(V) - Im(U))]

The notation for the multiplication of recursive vectors will be the wedge symbol “/A”.



Division
It is very similar as the division of complex scalars:
1 a—>b
(a +bi) a?+ b2

The inverse of recursive vector V:
V =[Re(V) Im(V)]

1 1
7= [Re(V) —Im(V)]'<[Re(V)-Re(V) Im(V)'Im(V)])
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Conjugate

The conjugate of the vector V'is the recursive conjugate of:
V=I[Re(V) —-Im(V)]

The vector V' divided by Vis:

Matrix
As the multiplication and division operations are defined and has the associative and
commutative properties, we can solve matrices of recursive vectors in the same way it’s
solved for matrices in scalars.
Uso -+ Uon
Uno - Unn

Vo

Vn

Notation

The notation in this document to define recursive vector of scalars
[1]1=1[100...00]
[1,]=[010..00]
[1,]=[001...00]

And:
[1]=[111..11]



Dot product
Given a vector and the dot product result, there is infinity vectors that could have the same
result. For instance, for the vector V and dot product scalar o shown in figure 1, any vector

perpendicular will have the same dot product result.
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Figure 1. vector with dot product a

The dot product of U and V'is equal to scalar part of recursive vector product of V and U:
scalar(V"U) = scalar(VAU) = dot(V,U)

The infinite vectors U given V' and a can be obtained from any value x we set in the result of

the multiplication:
a
X _
M =vro
XN

Suppose the following problem, we have V and U and vectors, we want a function f(V)=[1],
and a function f{U)=[0.8]. We can create linear equations and creating the following matrix

system and setting O for the other scalar values of the result.
Note that the linear equation scalar part is equal to dot product plus a scalar.

[1] = VAXO + Xl
[0.8] == UAXO +X1

In matrix form:
[L1_[v [U].[%
So the result is: [[0.8]] [U [1]]1 [Xl]
sl ls il =[]

The final function will be F(R) = X,"R + X,

It can be seen is has a the from “ax + b and can be extended to any polynomial degree



Split method

But also, the function f(¥)=[1] and f(U)=[0.8] could be solved in the following way.

We can split V' in 2 vectors, in real part and imaginary part to create the matrix system
reducing the dimension of the vectors(smaller vectors).

[1] = VA X + Vi X
[0.8] - U-rAXO + Ul'AX:L

oal =, ][]
[0.8] Uu. Ul |X;
If we require multiples desired values, we can continue splitting the vector until reach the

maximum dimension of the vector.
This is shown as an example in other article where can used for classification problem.

In matrix form:



Scalar Matrix to recursive vector matrix

The scalar matrices can be transformed to recursive vector matrices.
In a 2x2 matrix, the recursive vector is just a complex number a+ib.
Given a scalar 2x2 matrix:

[To] . [mo,o mo,1]_[W0] £ ion.1
o Mmyy Myq Wy quation.

We can create complex numbers in a horizontal or vertical way and give the same result.
Let’s define the complex numbers:

R=1ry+mni
W =wy +wji
In vertical:
M,o = my +my ol
My, = my, +my 4

In horizontal:
Mpy = mgo + mg i
Mp, = my g +my 4

We can transform the Equation 1 to:

Using vertical complex

<Mv0 - lei) AW + <Mv0 + lei) AVT/
2 2

To obtain conjugate R

R _ (MUO _Zlei> AW + (MUO _;lei> AVT/

We can merge these two equations to obtain the matrix:

R (Mvo - lei)/z (MUO + lei)/z AW
[E] - [(Mvo — M,,0)/2 (M, + M,q0) /2] [W]

With horizontal complex numbers, we can obtain:
HE l(lgfho + My11)/2 (Mno + Mh1i)/zl ]
Rl |(Mpo = Mp10)/2 (Mpo — Mpa1)/2| W

In a similar way also can be done with 4x4 matrices, the appendix B shows how the rows and
columns can be merged to create the recursive vector in a 4x4 matrix.



Linear regression

The approximation of points to a line could be represented by the multiplication of a complex
number. And with the recursive vector, it could expand the same equation to N dimensions
but with the loss of precision comparing with linear regression of classic matrix/vectors.
With input values of one dimension(plus “bias”):

X.=[xo+0 x4+ .. xp+i]
Y.=[Yo Y1 - Ykl
Approximate to function:
Y =X"A

XTry = XTrAXMA
XTry
xTax A
Note that XT~X is a vector, not a matrix, and the division of recursive vectors are
commutative.
If 4 is a vector of scalar or a vector of recursive vectors, then:

XT-X)"1-XT-Y =4

Conclusion
Analyzing the recursive vector multiplication, in the scalar give us a value of how similar a
vector is with other, just like the dot product, but the other values give us information of how
different it is and use the vectors as any scalar without taking account if has N dimensions.

I think this operation could be very useful for areas of classification and machine
learning due the simplicity of the operation and | think it is possible to solve machine learning
problems in a more deterministic way.

Contact:
Any questions or suggestions, you can contact me at gonzaloreynaga@yahoo.com




Appendix A

Algebra code implementation

Vectorize/unbracket

These functions transform the regular array into a recursive vector format to be able to

multiply/divide.
Octave/Matlab:

>>a=[153100965 8];
>> a=vectorize(a)
a =
{
(1,11 =
{
[1,1] = 1 + 51
[1,2] = 3 + 101
)
[1,2] =
{
[1,1] = 9 + 61
[1,2] = 5 + 81

>> a=unbracket (a)

1 5 3 10 9 6 5 8
>>

Math-c:

>>>a=[1531009 65 8];

>>> a=vectorize(a)

a = [[1+45i 3+10i] [9+6i 5+8i]]
>>> unbracket (a)

ans = [1 5 3 10 9 6 5 8]

vectorize function:

function retval = vectorize (a)
vSize = max(size(a));

Ra = a(l:vSize/2);
Ia = a(vSize/2+1:vSize);
if vSize == 2
retval = a(l) + li*a(2);
return;
endif
Ra = vectorize (Ra);
Ia = vectorize(Ia);
retval = { Ra Ia };
return;
endfunction

unbracket function:

function retval = unbracket (a)
vSize = max(size(a));
if vSize ==
retval = [real(a) imag(a)];
return;
end
vectorarray = [];
for i=1:2
vectorarray = [vectorarray unbracket (a{i})];
endfor
retval = vectorarray;
return;
endfunction

vectorize function:

function vectorize (a)
vSize = max(size(a)) (0);
Ra = a(0: (vSize/2-1));
Ia = a((vSize/2):vSize-1);

if vSize == 2
if isArray(a(0)) ==
return a(0) + li*a(l);
end
Ra = Ra(0);
Ia = Ia(0);
end

Ra = vectorize(Ra);

Ia = vectorize(Ia);

return [Ra Ial;
end

unbracket function:

function unbracket (a)
vSize = max(size(a)) (0);
if max(size(a(0))) (0) ==
return [real(a(0)) imag(a(0)) real(a(l)) imag(a(l))];
end
vectorArray = [];
for i=0:vSize-1
vectorArray = vectorArray <-> unbracket (a(i));
end
return vectorArray;




Addition and subtraction.
Octave/Matlab:

Only if it's added/subtracted after the
“vectorize” function.

Ad

>>a=[1531009658];
>>b=1[162 6869 3];
>> a = vectorize(a);
>> b = vectorize(b);

>> addv(a,b)

Substraction:

>>a=[153100965 8];
>>b=1[162 6869 3];
>> a vectorize(a);

>> b = vectorize(b);

>> subV(a,b)

Math-c:
Add

>>>a=[1531009 65 8];
>>>b=1[162 68609 3];
>>> a = vectorize(a);

>>> b = vectorize(b);

>>> a + b
Substraction:
>>>a=[1531009 65 8];
>>>b=1[162 68609 3];
>>> a = vectorize(a);

>>> b = vectorize(b);

>>> a -

Multiplication
The multiplication of “a” and “b” vectors:
Octave/Matlab:

> a=[153109 65 8];
>b=1[162 6869 3];
>> a = vectorize(a);
>> b = vectorize(b);

>> vxV(a,b)

ans =
{
[1,11 =
{
[1,1] = 10 - 42i
[1,2] = -140 - 131i
}
(1,21 =
{
[1,1] = -8 - 393
[1,2] = -103 + 2501

Math-c:

addV function:

function retval = addV(v,u)
if iscell(v) ==

retval = cellfun(@plus, v , u ,'UniformOutput', false);
return;
end
retval = v + u;
endfunction

subV function:

function retval = subV(v,u)
if iscell(v) ==
retval = cellfun(@minus, v , u ,'UniformOutput', false);
return;
end
retval = v - u;
endfunction

vxV function:

function retval = vxV (a, b)
vSize = max(size(a));

if vSize == 1
retval = a * b;
return;

end

Ra = a{l};

Ia = a{2};

Rb = b{l};

Ib = b{2};

if iscell(Ra) ==

Rq = cellfun(@minus, vxV( Ra,Rb ) , vxV( Ia,Ib ) ,'UniformOutput', false);
Ig = cellfun(@plus, vxV( Ia,Rb ) , vxV( Ra,Ib ) ,'UniformOutput', false);
else
Rq = vxV(Ra,Rb) - vxV(Ia,Ib);
Igq = vxV(Ia,Rb) + vxV(Ra,Ib);
endif
retval = (Rq Iq);
endfunction

The multiplication of recursive vectors is already a built-in operation with the operator ”*”

>>>a=[1531009 65 8];
>>>b=1[162 68609 3];

>>> a = vectorize(a);

>>> b = vectorize(b);

>>> a’b

ans = [[10-421i -140-131i] [-8-39i -103+2501]]

vxV function:

function vxV(a,b)
vSize = max(size(a)) (0);
if vSize == 1
if isArray(a(0)) ==
error ("vxV(a,b)-> array has size 1x1\n");
end
//return scalar product
return a*b;

end
Ra = a(0);
Ia = a(l);
Rb = b(0);
Ib = b(l);
Rq = vxV(Ra,Rb) - vxV(Ia,Ib);
Ig = vxV(Ia,Rb) + vxV(Ra,Ib);

//return product
return [Rq Iqgl;




Division(inverse) : :
Octave/Matlab: invV function:

function retval = invV(v)
>>a=1[675821027];

len = max(size(v));

>> a = vectorize(a); if len ==
>> U,WV(B) retval = 1.0/v;
ans = return;
{ L - endif
{ - ) if iscell(v(l})) ==
Hi = g‘gé§g§§7_>0503§33§1- detv = invV(cellfun(@plus, vxV( v{1l}, v{1} ) , vxV( v(2}, v(2} ) ,'UniformOutput', false));
,2] = -0. . i
) Rr = vxV(detv, v{l});
_ Ri = vxV(detv, cellfun(Ruminus, v{2} ,'UniformOutput', false));
(1,21 = else
( [1,1] = -0.017017 + 0.021477i ety T Anvviviy vy v vz (2]
[1,2] = 0.019948 - 0.024582i Rr = vxV(detv, v{l});
) Ri = vxV(detv, -v{2});
end

}
retval = (Rr Ri};

>> vxV(invV(a),a) endfunction
ans =
{
[1,11 =
{
[1,1] 1.0000e+00 + 2.7756e-171

[1,2] 0.0000e+00 - 1.3878e-171
}
[1,21 =
{
[1,1] = 0.0000e+00 + 2.4286e-171
[1,2] = -5.5511e-17 - 3.4694e-171

Math-c:

The inverse of recursive vectors is a built-in function “inv()”

55> & = vectorize (a); invV function:
>>> inv(a) X function invV(v)
ans = [[0.0120141-0.03230091 -0.00383569+0.02773211] [-0.0170166+0.02147731 len = max(size(v)) (0);
0.0199476-0.02458181]] if(len == 1 ) !
>>> inv(a)“a return 1/v;
ans = [[1+2.77556e-171 -1.38778e-171] [2.42861le-171 =-5.55112e-17-3.46945e-171i]] end
detv = invV( v(0)"*v(0) + v(1l)”"v(l) );

Rr = detv * v(0);
Ri = detv * (-v(1));
return [Rr Ril;




Appendix B
In this appendix will shows some scripts in Math-c where the recursive vectors are

calculated from scalar matrices.

Note: In the program menu set the "Math library folder” from “Math-c->prefererences...” to
be able to find the “import” files.

Matrix 2x2
File new2x2.mc

#import newmatrix/newAlgebra.mc
cle() Output
clear () Classic algebra
yc = [26 ;
print ("\nClassic algebra\n"); 301
Classic determinant
Mc = randi(10,2,2); ans = 6
ve = randi(10,2,1);
yc = Mc*ve Creating vectors
Dot vector multiplication
print ("Classic determinant\n"); ans = 26+301
det (Mc) Matrix x new Vector Multiplication
ans = [26+30i 26-30i]
Determinant with vectors
print ("\nCreating vectors\n"); ans = 6
M = quadMerge( Mc(0,0) + 1i * Mc(0,1) , Mc(1,0) + 1i * Mc(1,1) );
v= vectorMerge (vc(0),ve(1));

print ("Dot vector multiplication\n");
dotV (M, v)

print ("Matrix x new Vector Multiplication\n");
M2b = [M(0) M(1);ciV(M(1)) cjV(M(0))];
MxV (M2D, v)

print ("Determinant with vectors\n");
MxDet (M2b)

Matrix 4x4
File new4x4.mc

#import newmatrix/newAlgebra.mc

Output:

clc(); Classic algebra
clear () ; Mc=1[4 0 8 9;
g 3 3 10 ;
print ("\nClassic algebra\n"); 2 2 3 2
6 0 6 10]
//Mc = randi(10,4,4); ve = [4 ;
//vc = randi(10,4,1); 9 ;
Mc=1[4 0 8 9; ... 1
g 3 3 10 ; ... 2]
2 2 3 2; ... ye = [42 ;
6 0 6 10 ] 82 ;
ve=14;9;1;2] 33 ;
yc = Mc * ve 50]

Creating vectors
print ("\nCreating vectors\n");

MO0 = quadMerge( Mc(0,0) + 1i * Mc(0,1) , Mc(1,0) + 1i * Mc(1,1) ); Merge )

M10 = quadMerge( Mc(2,0) + 1i * Mc(2,1) , Mc(3,0) + 1i * Mc(3,1) ); Mr0 = [[5+431 -4+42.5i] [-1.5+41i 5-0.51i]]
vr0 = [[4+49i 1+2i] [4+9i -1-2i]]

MOl = quadMerge( Mc(0,2) + 1i * Mc(0,3) , Mc(1,2) + 1i * Mc(1,3) ); mergel = [-7+62.51 -11.5+321]

M11 = quadMerge( Mc(2,2) + 1i * Mc(2,3) , Mc(3,2) + 1i * Mc(3,3) ); Mrl = [[-1.5+4i 1-1i] [2 5i]]
vrl = [[4-9i 1-2i] [4-9i -1+2i]]

vl= vectorMerge ( vc(0), ve(l) merge2 = [49+19.51 44.5+181]

)i
v2= vectorMerge( vc(2), vc(3) );
The result is equals to yc
print ("\nMerge\n") ; result = [42+82i 33+50i]

Mr0 = guadMerge( [ MOO(0) MO1(0) ], [ M10(0) M11(0)
vr0 = vectorMerge( [ v1(0) ], [ v2(0) 1)
mergel = Mr0(0)”~ vr0(0) + Mr0(1)” vr0(1)

Mrl = quadMerge( [ MOO(1) MO1(1) ], [ MLO(1) M11(1l)
vrl = vectorMerge( [ v1(1) 1, [ v2(1) 1)

merge2 = Mrl(0)vrl(0) + Mrl(l)~vrl(l)

print ("\nThe result is equals to yc\n");

result = mergel + merge2



File newAlgebra.mc

R ey,
//argument must be a vector that contains vector(s) to vectorize
function checkPower2(arg)
if size(arg) (1) == 2
[a,b] = arg;
//Check size power 2//////////1/11111/11111111
vSize = max(size(a)) (0);
if (1 != min(size(a))(0) )|l (1 != min(size (b)) (0) )
error ("vm(a,b)-> vector must size 1xD\n");
return 0;

end
if (vSize != max(size(b)) (0)) || (2°ceil(log2(vSize)) != 2log2(vSize))
if vSize < max(size (b)) (0)
len = 2%ceil( log2 (max(size(b))) (0) );
else
len = 2%ceil( log2 (max(size(a))) (0) );
end
b = resize(b, [1 len]);
a = resize(a, [1 len]);
a = vectorize(a);
b = vectorize (b);
end

return [a b];

LILITIIIIII TP I D070 0770777777777 7

else
a = arg;
vSize = max(size(a)) (0);
if 1 != min(size(a)) (0)
error ("vm(a,b)-> vector must size 1xD\n");
return 0;
end
if 27ceil(log2(vSize)) != 2"log2 (vSize)
len = 2%ceil( log2( vSize ));
a = resize(a, [1 len]);
a = vectorize(a);
end
return a;
end

return 0;

LIILTITLTITET LT P07 0007000707077 70707771717177
//vectorize an array of numbers WITHOUT
//imaginary part(scalars were not merged)
//example: vectorize([3 4]) = 3+4i
function vectorize(a)
vSize = max(size(a)) (0);

Ra = a(0:(vSize/2-1));
Ta = a((vSize/2):vSize-1);
if vSize ==
if isArray(a(0)) ==
return a(0) + li*a(l);
end
Ra = Ra(0);
Ta = Ia(0);
end

Ra = vectorize(Ra);
Ia = vectorize(Ia);
return [Ra Ia]l;

LIILTITLTITET LT P07 0007000700070 7707177177
//remove the brackets to convert it to an array of numbers.
function unbracket (a)
vSize = max(size(a)) (0);
if max(size(a(0))) (0) ==
return [real(a(0)) imag(a(0)) real(a(l)) imag(a(l))];
end
vectorArray = [];
for i=0:vSize-1
vectorArray = vectorArray <-> unbracket (a(i));
end
return vectorArray;

LIITITLTITEIL P07 000170007 17107177
// multiply vector by imaginary number
// a is vector
function vxI(a)
vSize = max(size(a)) (0);
if vSize ==
if (isArray(a(0)) == 1)
error ("mvI(a)-> has an array size 1x1\n");
return 0;
end
//return scalar product
return li*a;
//return product times "i"
return [-a(1) a(0)];

LIILTIILTITEIL 000700070707 77107177
// Recursive conjugate of vector
function cjV(v)
vSize = max(size(v)) (0);
if (min(size(vSize)) (0) != 1)
print ("cjv -> error\n");
return 0;

end

if (vSize == 1)
return v';

end

Rr = ciV(v(0));

Ri = -cjV(v(1));

return [Rr Ril;



LTI EIL 7000770707 77707177
// Multiply vector "a" and "b"
// return Gonz vector
function vxV(a,b)
LI1700077707107170717177
//la b] = checkPower2([a,b]);
LITI70707770710717071777
vSize = max(size(a)) (0);
if vSize == 1
if isArray(a(0)) ==
error ("vxV(a,b)-> array has size 1x1\n");
end
//return scalar product
return a*b;

end
Ra = a(0);
Ia = a(l);
Rb = b(0);
Ib = b(l);

Rq = vxV(Ra,Rb) - vxV(Ia,Ib);
Ig = vxV(Ia,Rb) + vxV(Ra,Ib);
//return product
return [Rq Iqgl;

LILTIILTITEILL 7000700070707 77777
// Determinant Matrix "m"
// "m" is size 2x2 that contains vectors,
// all vector must have the same dimension
function MxDet (m)
mSize = size(m);
if msize != [2 2]
error ("MxV(m,a)-> Matrix must be 2x2 size\n");
return 0;

Rl = vxV(m(0,0),m(1,1)) - vxV(m(0,1),m(1,0));
//return determinant
return R1;

N NN
// Multiply Matrix "m" by vector "a"
// "m" is size 2x2 that contains vectors,
// all vector must have the same dimension
function MxV(m,a)
mSize = size(m);
if msize != [2 2]
error ("MxV(m,a)-> Matrix must be 2x2 size\n");
return 0;

Rl = vxV(m(0,0),a(0)) + vxV(m(0,1),a(l));
R2 = vxV(m(1,0),a(0)) + vxV(m(L,1),a(l));
//return product
return [Rl R2];

LITIP000T 0707077070707 770717777717
//Multiply dot product
function dotV(a,b)
len = max(size(a)) (0);
if len == 1
if 1 != max(size (b)) (0)
error ("dotV(a,b)-> array {b} size\n");
end
return real(a)*real(b) + imag(a)*imag(b);
end
if (len!= 2)

(2 != max(size (b)) (0))
vectorize(a);
vectorize (b);

|
a
b
end

Rr = vxV(a(0), b(0)) + vxV(a(l),b(1));
return Rr;

LIIIILTIII00T 110007100077 117777117
//Vector inverse
function invV(v)
len = max(size(v)) (0);
if(len == 1)
return 1/v;
end
detv = invV( vxV(v(0),v(0))+ vxV(v(l),v(1)) );
Rr = vxV(detv, v(0));
Ri = vxV(detv, -v(1));
return [Rr Ri];

LIILTITLTITII LT L0 7000700070707 70710777177
//Vectorize an 2xl vector of elements and merge it
//if top and bottom are real numbers, no array notation is set,
//otherwise must be enclosed in brackets.
function vectorMerge (top, bottom)
len = max(size(top(0))) (0);
if len != max(size (bottom(0))) (0)
error ("vectorMerge-> elements must have same dimension\n");
return 0;

end

if isArray(top) ==
//the elements doesnt have imaginary numbers when scalars
mOv = top + 1i * bottom;
return [mOv mOv'];

end

mO0v = [top(0) bottom(0)];
Rl = mOv;

//0ne level conjugate

R2 = [mOv(0) -mOv(l)];
return [R1 R2];



LIILTITLTITII LTI 007000 700070707 77707177777
//Vectorize an 2x2 matrix of elements and merge it
//into a vector, the elements can be vector too.
//scalars, is 0 or 1, 1 if only contains scalar
//without imaginary numbers

//scalar must be 1 for the first merge

//return new merged vector

function quadMerge (top, bottom)

lenl = max(size (top(0))) (0);
len2 = max(size(bottom(0))) (0);
if lenl != len2
error ("quadMerge-> elements must have same dimension\n");
return 0;
end
if ishrray(top) == 0
m0v = real (top) + 1i * real (bottom);
mlv = imag(top) + 1i * imag (bottom);
else
mO0v = [top(0) bottom(0)];
mlv = [top(l) bottom(1l)];
end

vl=(mOv - vxI(mlv))/2;
v2=(mOv + vxI(mlv))/2;
return [vl v2];



